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ABSTRACT

KEYWORDS: Lagrangian dynamics; MacPherson suspension; double wishbone;

actuator space; configuration space

Suspension and steering system is one of the most important assemblies in a car. Its design
is a very complex, time-consuming and important part of the vehicle design process. It
has to perform effectively under a wide range and combinations of operating conditions
including high levels of braking and acceleration, cornering at high speeds and traversing
rough terrains. Double wishbone suspension and MacPherson suspension are two of the

most popular suspensions in use today.

The objective of this work is to use an existing kinematic model of the MacPherson and
the double wishbone suspension to formulate the dynamics of the suspensions using La-
grangian method in actuator and configuration space. In the first part, Lagrangian formu-
lation for closed-loop mechanisms has been presented in detail, along with the verifica-

tions that are necessary to validate the correctness of the formulation.

In the second part, a spatial kinematic model of double wishbone and MacPherson from [1]
is presented in detail, which is used in the formulation of loop-closure equations so as to
formulate the equation of motion for the suspension system. The formulation of the sus-
pension dynamics in actuator and configuration space has been done in two ways, i.e.,
firstly, considering the suspension as a mass spring model, and secondly, considering
the suspension as mass spring damper system. Results validating the formulation of the
MacPherson strut and double wishbone suspension in configuration and actuator spaces
have been presented in detail. Equation of motion of these system are in the form of dif-
ferential equations. Therefore, solving differential equations with less computational time
is very important. In the next part, various methods to solve differential equations formed
in actuator space and configuration space have been presented along with their computa-
tional time. Finally, a comparative study indicating which formulation is computationally

more feasible with regard to the computational ease has been presented.
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CHAPTER 1

INTRODUCTION

Suspension system in an automobile plays a crucial role in reducing the mutual influence
between wheels and improving dynamic behaviour. In reality, it has to perform effectively
under a wide range and combinations of operating conditions. For this, vertical compli-
ance is necessary to provide chassis isolation and to ensure wheels follow the road profile.
Steering control during cornering is another equally important requirement, which needs
the wheels to be maintained at a certain position and orientation. Other requirements be-
ing isolating the vehicle from high frequency vibration arising from tyre excitation and to

control forces and torques at tyre road interface.

Suspension systems can be classified as dependent or independent depending on their
topology and how they are connected to wheels. Different topologies exist in independent
suspension design, such as double wishbone suspension, MacPherson suspension, trailing
arm, swing axles and multi-link suspensions. From kinematics point of view, suspension
system design is a combination of links and joints, while dynamically, a good suspension

should be able to isolate the vibrations experienced at the road tyre.

Computational tools exist today such as ADAMS, CAD to conceptualize the ideas and
simulate the design under various operating conditions. Modelling the dynamics of DWB
and MPS suspension involves various elements and is often, a very complex and time
consuming process. Therefore, it is essential to build a computational framework where
we can study the dynamics of DWB and MPS suspension systems. As a mechanism, both
DWB and MPS possess two degree — of — freedom: one accounting for the steering

input s(¢), and the other accommodating bounce and rebound, the road profile input y(?).

The dynamical formulation has been implemented on the kinematic model as proposed in
Madhu Kodati et al (2015). Two different formulations has been presented, one in config-
uration space and other in actuator space for both MPS and DWB suspension system and

consequently, results have been verified.



Computational time is an important aspect while formulating the mechanism, as it is an
indicator of the complexity of the mechanism. Computational time has been presented
and studied in this report while constructing the method in the configuration space as well

as actuator space.

1.1 Double wishbone suspension

The DWB, shown in the Fig. [I.1]is the most common front suspension of the Ameri-
can cars following World War 2. It is also known as double A-arm and short-long arm

suspension.

King-pin axis
\ Rack Tie-rod

'\.

Upper A-arm

Lower A-arm

Steering link

Knuckle

Figure 1.1: Simplified solid model of double wishbone suspension (taken from [1]).

Each wishbone or arm has two mounting points to the chassis and connected to the
knuckle by a spherical joint. The damper and coil spring system is placed between chassis

and either of the control arms to control vertical movement.

In case of front axle suspension, the steering link is attached to the tie-rod using spherical
joints, and the tie-rod is connected to the rack with a universal joint. The DWB is used in

high-performance vehicles and SUVs due to its superior kinematic response [2].



1.2 MacPherson strut suspension

King-pin axis |

Rack tie rod

Strut

Lower A-arm

Steering link

Figure 1.2: Simplified solid model of MacPherson strut (taken from [1]).

American automotive engineer Earle S. MacPherson developed the MPS using a strut
configuration. As shown in Fig. [[.2] one end of the strut is attached to the knuckle with
prismatic joint and other end is fixed to the chassis by spherical joint. The strut also
contains the spring and damping elements. The lower arm is fixed to chassis by revolute
joint and other end is connected to knuckle by spherical joint. The steering link is attached
to the tie-rod using spherical joints and tie-rod is connected to rack with a universal joint.
The MPS provides major advantages in package space for transverse engines and thus is

used widely for front wheel drive cars.

1.3 Objectives

The objective of the report is to formulate the dynamics of the suspension using La-
grangian formulation in actuator and configuration space and understand the computa-
tional advantages or disadvantages associated with the formulations. The simulation per-

formed has no physical significance as s and y are step inputs, which is not observed



in real time environment. The effect of vehicle dynamics has not been included in the

formulation. Arbitrary value of s and y has been taken to validate the correctness of the

formulation.

Based on the motivation, the problem is divided into the following parts:

1.

To develop the equation of the motion of the DWS and MPS in the configuration
space.

. To develop the equation of motion of the DWS and MPS in the actuator space.

To verify the correctness of the model with zeroth order check, first order check and
energy check, which will be described in Chapter 2.

To analyze and perform a comparative analysis on the computational time taken to
solve the MPS and DWB in configuration and actuator space.

1.4 Modelling assumptions

The report while studying the dynamics of the DWS and MPS deals with the following

assumptions:

1.

The cushioning effect of the bushes at the joints are not considered, i.e., only ideal
joints are considered in the formulation.

. The flexibility of the links are not considered, only rigid links are used in the for-

mulation.

. The chassis is considered to be fixed or the ground link in the mechanism.
. All the geometric parameters of the suspension are exactly known.

. The universal joint between the tie rod and the rack is replaced with a spherical

joint.

1.5 Organization of the report

The report has been organized into five chapters, the Chapter 1 deals with the introduction

of the suspension and different types of suspensions used in automotive industry.

The Chapter 2 deals with background on kinematics and dynamics of closed-loop mech-

anisms in configuration and actuator space using Lagrangian formulation.

4



The Chapter 3 deals specifically with kinematics and dynamic formulation of MacPherson
strut suspension in configuration and actuator space using Lagrangian formulation and
results have been presented along with the validation plots to check the correctness of the

formulation.

The Chapter 4 deals with kinematics and dynamic formulation of double wishbone sus-
pension in configuration and actuator space using Lagrangian formulation and results have
been presented along with the validation plots to check the accuracy of the formulation.

Finally, the conclusions and the future work is proposed in Chapter 5.



CHAPTER 2

DYNAMICS OF CLOSED-LOOP MECHANISMS

2.1 Introduction

Generally, there are three types of mechanisms, namely, serial mechanism, parallel mech-
anism and mixed or hybrid mechanism (i.e., combination of both serial and parallel).
Serial mechanism have a single kinematic chain with actuators, connecting the base to
end-effector. On the other hand, parallel with n degree — of — freedom has two or
more kinematic chains which connect the base to end-effector. The suspension system
MPS and DWB, both belongs to the class of parallel mechanism. Both the mechanisms
possess two degree — of — freedom: one arising because of the steering input s(¢) and
the other due to the road profile input y(z). In order to study any mechanism completely,
we need to understand the kinematics and dynamics of it, which allows us to study the
aspects like singularities, velocity and acceleration capabilities. This chapter includes the
detailed study of the formulation of the dynamics equation using Lagrangian in configura-
tion space and in the later part, a systematic method to formulate the dynamics in actuator

space has been presented.

2.2 Kinematics

Kinematics of a mechanism gives the position, velocity and higher derivatives of the po-
sition variables with respect to time or other variables. It also gives us the information

about the kinematic branches of the mechanism.

In n degree—o f — freedom mechanism, the configuration at an instant can be represented
using two sets of variables. The first set of link variables @ = [y, ...,0,]", associated
with the links which are actuated by actuators like prismatic and rotary, are termed as

active variables. The second set of links are governed indirectly by loop closure equations



and therefore, the link variables ¢ = [¢1,..., ¢, are termed as passive variables. The
configuration of the mechanism is represented using 8 and ¢, therefore the variable ¢ =
07,4 "] is termed as configuration variable. For example, the variables for a four bar
mechanism are represented in Fig. where @ = 0, and , ¢ = [¢o, ¢3]". The set of
variables & = [z,y|" are termed as task space variables (i.e., the space which represents

the motion of end- effector).

A4

7 X
bZ(IO) 0)

Figure 2.1: Kinematic model of a four-bar mechanism.

The zeroth order kinematics involves forward and inverse kinematics, which is to find ¢

for a given value of 6, and to find the 6 for a given value of x, respectively.

For zeroth order kinematics the relation between variables are given by loop closure equa-
tions 7(q) = 0. For example, the loop closure equation for four-bar mechanism can be

written as:
ly cos 01 + Iy cos g — Ly — 3 cOS ¢

n(0, ¢) = : (2.1)
ll sin 91 + lg sin ¢2 - l3 sin ¢3
where, n € R™ (m = 2 for four-bar mechanism) where m is the number of constraints

that is equal to the number of passive variables. Similarly, first and second order kinemat-

ics deals with the velocity and acceleration of any point on the mechanism.



2.3 Dynamics

The formulation of the equation of motion for mechanism is done using two common
methods, namely, the Newton-Euler and Lagrangian method. Often, Lagrangian method
is preferred as it produces the equation of motion in a structured manner, which is quite
helpful in further analysis and can be implemented symbolically. Equation of motion in
configuration space is formulated using the constrained Lagrangian formulation [3]. The

general equation of motion for constrained rigid- body system can be written as,

Mi+Cq+G=1+J, X (2.2)

where, A is a vector of unidentified multipliers, J ;q)\ term represents constraint forces
or moments, associated with the constraints. The method to compute M, C, G and to
convert constrained Lagrangian equation of motion into actuator space is presented in this

section.

2.3.1 Method to compute M, C, and G matrices

The terms M, C', and G are obtained using the Euler-Lagrangian formulation. The gen-
eral equations of motion for a closed-loop mechanism is given in Eq. (2.1). The method

to compute them is given in this section.

Mass matrix (M)

Derivation of the motion of a single rigid body can be conceptually decomposed to a
translation of the center of mass and a rotation about the center. Let us denote the velocity
of translation by v; and the angular velocity of rotation by w; for the ith body of the
mechanism. Then kinetic energy of the ith body of the mechanism is given by,

1 T

1



where, m; is the mass and I; is the inertia tensor w.r.t center of mass. The translational
velocity and rotational velocity can be represented in terms of configuration space coor-

dinates, g, and as a linear combination of time-derivatives q,

V; = ']vi QJ (24)

w; =Ju.q. (2.5)

Substituting Eq. (2.4) and Eq. (2.3), in Eq. (2.3), the total kinetic energy of the mechanism

with &£ number of links is given by,

1
T = 5qTMq, where, (2.6)

k
M = (miJ, Ty + I, 1iJ.,).

=1

It is to noted that matrix M can be treated as the effective mass/inertia (matrix) of the

manipulator. M is symmetric and positive-definite matrix.

Centripetal and Coriolis matrix (C')

The centripetal and Coriolis matrix C' is computed from the M matrix as follows:

1<~ (OM,;; OM; OMy,\ .
Cij:_z< Iy b ’”)qk. 2.7)

24\ g, Jq; oq;

It can be noted that the C' matrix depends on both q and q.

Gravity term (G)

The gravity term G is a vector quantity, it is computed by taking the partial derivative of

the total potential energy of the system with respect to configuration variables:

oV

G—%,

(2.8)

where, V' is the total potential energy of the system.



2.3.2 Actuator space formulation

The equations of motion for the mechanism in actuator space 6 can be obtained from

Eq. (2.2) by eliminating A. We can rewrite Eq. (2.2) as:
Mg+Cq+G—7—-J, A=0. (2.9)
Pre-multiplying Eq. (2.9) by ¢ ', we get:
G Mg+q'Ca+q¢'G—-q'7—q"Jpg XA=0. (2.10)

Taking first derivative of 17(q) = 0 w.r.t. time, we can write:

q' Jne =0. 2.11)
Rewriting Eq. (2.11), we get:
060 + Jpptd = 0,
G =—Tnp ' Tne0 = J 400, where, Jpo = —J s ' T 0o (2.12)

Using Eq. (2.12), we can write q in terms of 0 as:

] I,]|. .
g=1| | = 6 = J 40, (2.13)
¢ Jd)@

where I, is an identity matrix of order n x n. Differentiating Eq. (2.13) w.r.t. time, we

get:
q=J00 + J.0. (2.14)

Therefore, in Eq. (2.10), ¢'J ;q)\ = 0 for any A. This eliminates the constraint force

term, and creates the equivalent unconstrained dynamical system as:

@ Mg+q¢'Cqg+q'G—-q'T=0. (2.15)

10



Substituting ¢, g from Egs. (2.13)and (2.14) into Eq. (2.15), we get:
0" (J1,MJ 0 + JL(MJy+ CJT )0 + TG — Tlyr) = 0. (2.16)
Eq. (2.16) is satisfied for any arbitrary 6 and therefore,
Ty MJ 90+ J jy(MJ g+ CJ )0 + J,G — J jy7 = 0. (2.17)
Further, Eq. (2.17) can be compactly written as:
MB + Cob + G = T, (2.18)

where, My = J},MJ 9, Cog = J Jy(MJ g+ CJ ), Go = J,G, T9 = J 7.

2.4 Validation of the numerical results

Three checks are necessary to validate the formulation and check the correctness of the
model.
1. Zeroth order check: This check is required to ensure that the constraint equa-

tion, |[1(q)|| < €, € being a small positive real number, is satisfied throughout the
simulation time.

2. First order check: This check is required to ensure that ||J,,q|| < € is satisfied
throughout the simulation time.

3. Energy check: This check is necessary to check the correctness of the formulation.
In the absence of non-conservative forces or torques acting on the system, the en-
ergy of the mechanism has to remain conserved. Therefore, for free fall simulation
of the mechanism i.e. only gravity is acting, the energy of the system should be
conserved.

2.5 Conclusion

In this chapter, the background on kinematics and formulation of dynamics in actuator
space of the closed-loop mechanism has been presented. The verification checks to vali-

date the correctness of the formulation of the mechanism has also been presented in detail.

11



CHAPTER 3

DYNAMIC FORMULATION OF MACPHERSON
STRUT SUSPENSION

Spatial kinematic model of MacPherson suspension as presented in a work by Madhu
Kodati [1] is used in the formulation of the equation of dynamics. Details of the kinematic
model have been included in the first part of this chapter for the sake of completeness.
Later, the formulation for the dynamics of the MacPherson suspension system has been

presented with validations to check the correctness of the formulation.

3.1 Kinematic model

A comprehensive spatial kinematic model of MacPherson has been presented in this sec-

tion.

X

Figure 3.1: Kinematic model of MacPherson strut suspension (taken from [1]).



The schematic model of MPS suspension is as shown in Fig. 3.1l Kinematically, it is
a combination of spatial four-bar mechanism o,p, 0,01, i.e., inverted slider mechanism
a that has the chassis as the ground link, king-pin as the coupler and a spatial five-bar

mechanism. These two mechanism are coupled at the king-pin.

Two co- ordinate systems are used to define the system. The global frame of reference {0}
is attached to oy, and its Zy-axis is aligned to the axis of the hinges of the lower A- arm.
Link 1 moves in the XY, plane. The joint between p; and o, is considered to be a single
prismatic joint of variable length /5. A body frame of reference, {2} is attached to p,. The
X -axis of {2} ( denoted by X ) is along the vector l; = 0, — p; and X, Y, contains the
link 4.

The rotation matrix SR relating the orientation of frame {3} to {0} has been parameterized

in terms of XY Z Euler angles, (51, 52, 83)(see [3]).

SR = Rx(61)Ry (82)Rz(8s), (3.1)

Simlarily, the rotation matrix R relating the orientation of frame {2} to {0} has been

parameterized in terms of Rodrigue’s parameters, ¢ = [c;, ¢, 63]T € R3(see [3]).

3.1.1 Formulation of the loop - closure equations

The loop closure equation as obtained in Eq. (A.14) can be represented as:

1, = Py—Ps—R|[l5,0,0] =0, (3.2)

where, JR=Ry (8)Rz (7).

B and ~ are the Euler-angle of the tie-rod about the Y-axis and Z-axis of the global refer-

ence frame {0} .

13



The Eq. (3.2) can be written as:

[ (3.3)
r(l+ct—ci—cl)
l+cd+cd&+c
(14— —A) e  (2c102 — 2¢3)lay  2(c2 + c103)lus

I+E+a3+c I+E+a3+cE 1+3+dE+d
124?((:0%1?(—32 f)cg + [1sinf — [5siny
2(c1c9 + €3)lyy 1=+ — Ay, 2(c1 — cac3)ly,
1+ +E+c 1+E+E+3 1+E+a+3 T 3:5)
2r(—co + c103)
l+d+c3+c
2(—02 + 0163)l4$ 2(01 —|— CQC3)l4y (1 — C% — C% + Cg)l4z
l+cd+cd+c 1+3+E+d3 1+t +cd+c3

Ny =[N1zs Nay, Naz

Niz = — S €OS B3 cos f3 + + [y cos ) — I5 cos 3 cosy

— D5z, (34)

Nay = — S(cosPssinfysinfy + cosfysinfs) +

Ny, = — s(—cosPicosBssinfy + sinfysinfs) + + [5co87ysin3

— sz (3.6

Therefore, the constraint set of equations used in the formulation of dynamics can be ex-

pressed as:

n= [771937 MNiys Mz, N3z, N3y » 11325 Tz, T4y, 774Z]T~

The constraint equations 71, 11y, 712, 73z, 3y, 13- are presented in detail in Section A.1

(taken from [1]).

14



Table 3.1: Geometric and mass values (taken from [5], with minor modifications).

Parameter Symbol Value
Length of lower-A arm [ 0.322
Length of tie rod l5 0.361
Link-4vector w.r.t.{2} (lag, lay, laz) (0,0.108,0)
Position of origin of {0} 0 (0,0,0)
Position of strut mounting 0> (0.136,0.497,0.011)

Initial position of ps

(pS:L‘vaya p5z)

(-0.078,0.105,-0.108)

Initial position of pg

(p8I7 pSya pSZ)

(0.434,-0.333,-0.019)

Euler angles relating{3} to {0} (B, B2, Bs) (85, &, 7o)
Link-6 vector w.r.t.{2} (l6, Loy, l62) | (-0.505,0.009,0.054)
Length of the knuckle l7 0.15
Distance between p;and p; r 0.106
Distance between p,and pg p 0.061
Mass of the lower-A arm my 4.60 kg
Mass of the tie rod my 1.0 kg
Mass of the ( knuckle+ steering link) mo 12.1 kg
Equivalent mass of the (damper + spring) ms 4 kg
Un-stretched length of the suspension spring lo 0.4815
Mass of the tyre ms 25.0kg

Table 3.2: Characteristics of suspension spring and damper (taken from [5]).

Stiffness (k)

4.22 E+04 N/m

Damping coefficient (c;)

2.7 E+03 Ns/m
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Table 3.3: Mass and inertia parameters of MPS (taken from [5]).

Body Description | Mass(in kg) Inertia (kg — m?)
Ty Ly, 1.2)
Lower arm 4.6 0.1,0.1,0.1
Steering knuckle 12.1 0.25,0.25 ,0.25
Tie rod 1 0.1,0.1,0.1
Wheel 25 0.1,0.1,0.1

Table 3.4: Characteristics of the wheels (taken from [5]).

Radius (R) 0.35m
Stiffness (k;) 2.00 E+05 N/m
Damping coefficient ((c;) 8.0 E+04 Ns/m

3.2 Dynamic formulation in configuration space

The general equation of motion for rigid multi-body systems can be written as :

M(q)g + C(q,q) + G(q) = T.

where, g represents the vector of configuration space variables. The significance of the
terms M ,C and G and their physical interpretation has been explained in Chapter 2.
The variables g=10, I3, ¢1, 2, c3, 8, 2, Y, 2, 5, W]T define the full configuration space of the
MacPherson strut suspension system. In our model, we have assumed our chassis to be
fixed i.e. grounded. The wheel is analytically modelled as linear translational spring with
damping characteristics. However, for exact modelling of the tyre, a complete non-linear
model may be used which is not considered in this study because we are concerning
only with the analysis of the suspension system. The suspension spring and damper has
been included in the formulation of the dynamics in order to make the formulation more

realistic and robust.
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The steering knuckle is of constant length [; as given in Table and on top of the
steering knuckle, suspension spring and dampers are mounted and connected to o, which
is fixed to the chassis. The equivalent mass of the damper and spring has been replaced

by a link of length (I;—I7) which varies as the road profile s and the steering input y vary.

The link 4, which is the steering link, is attached to the knuckle rigidly as shown in
Fig. As given in Table my is the total mass of steering link and knuckle. There-
fore, in order to distribute mass individually to steering and knuckle for analysis, it is

assumed that mass is directly proportional to length.

Iz

ms = Mg———
Ir + Ly,

where, m is the mass of the steering link.

mp =m Ly
k I + Ly

where, m,, is the mass of the knuckle.
The formulation of the dynamics has been done in two parts:

1. Effect of spring has been included in the formulation of the dynamics.

2. Combined effect of spring and damper has been included in the formulation of the
dynamics.

Addition of spring and damper will affect the G term of the formulation. Due to the
addition of damper, a term %c:i:2 is added to the potential energy of the system. Basically,
it is used to absorb the oscillation produced due to the road input y and the steering input
s. As, it has been previously mentioned that in order to check the correctness of the
formulation, energy check, zeroth order check and first order check has to be satisfied as
described in the Section 2.4. Hence, the formulation has been divided into two parts and

results have been reported for each of the case accordingly.

The M and C matrix can be computed for MacPherson strut suspension by referring to

the method as described in Section 2.3.1.
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The G matrix

The G matrix of the MPS suspension system can be calculated from the total potential

energy of the system, V, which can written as:

Potential energy of the system including the effect of spring has been mentioned below:

1
Vi zégllml sin 6, (3.7
1
2(1 4 c} + & + ) (my + ms

‘/2:

)gm2(47"6102mk + 4resmy, + 2lymy sin 6

+ 2sin Gc%llmk + 2c§l1mk sin 6 + 20§l1mk sin 0 + 2¢icalagmy, + 2¢3lyamy,
+ lLymy, — c%l4ymk + c§l4ymk — c§l4ymk — 2¢1lgmy + 2coc3lg,my
+ 2lymg sin 6 + 2¢3lymg sin @ + 2c3lym sin 0 + 20§l1ms sin @ + 2c¢icalgm

+ 203l9m5>, (38)

(0102 + Cg)(lg — lg) 2(0162 -+ Cg)lg
2. 2 2 5 3)Ms,
1+Cl+02+63 1+C1+CQ+C3
3.9

1
Vs =ghs(=lo + 1o + 1)% 4 g(l;sind +

2
T(C;CQ —Z ¢s) 5 + [1sinf
Il+ci+cs+cs
2(6102 + 63)l4x (1 — C% + C% — C%)l4y 2(61 — 6203)Z4Z

— 3.10
T+31a+d T 1+d+3+3 1+d+d+q ) G0

1
Vi :§Qm4(s(cosﬁgsinﬁlsinﬁg + cosBisinfs) +

1 mes 2
Vs =skly - —gk 5 + gms(y + psy)- (3.11)
t

Due to the combined effect of spring and damper, there will be change in the V5 and V5.
Addition of the term %cslg and %ctgf on the right hand side of V35 and V5 will include the

effect of damper characteristics in the system.

The Table shows the size of M, C and G matrices along with their dimensions.
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Matrix Dimension Size (in KB)
M 12 x 12 1367

C 12 x 12 13289

G 12 x 1 60

Table 3.5: Size of M, C and G matrices in analytical form along with their dimensions.

3.3 Assumption

1) The suspension system is freely falling under gravity, i.e. no external force or torque

acting on the mechanical system,7 = 0.

2) The free-fall simulation of the MPS system has been conducted for a period of 2 sec-

onds i.e. from t = 0 to 2 seconds.

3) In order to solve any differential equations, one require a set of initial conditions. For
further analysis, the initial values of s and y have been assumed to be 0.05 m and 0.05 m
respectively. Since, solving the dynamics problem in configuration space require the ini-
tial values of passive variables as well, therefore, their initial values will be calculated on
the basis of assumed initial values of s and y as stated above using the forward kinematics

as mentioned in the Chapter 2.

The initial set of conditions to solve the equation of motion in configuration space, i.e.,
q = [0.452,0.388, —1.62, —2.52,1.43,0.050, —0.007, 0.050, —0.028, —0.055, 0.456] " and
qg=0.

3.4 Method to solve the equation of motion in configura-

tion space

The MacPherson system is reduced to a set of 11 simultaneous differential equations
which is of the form as shown in Eq. (2.2). The set of 11 differential equations has to
be solved in to understand the dynamics and behaviour of the system when applied with
steering/rack input s and the road profile input y. It is computationally very expensive
and very difficult to solve the differential equations analytically. Therefore, a numerical

approach to solving differential equations has been implemented. The problem to solv-
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ing differential equation has been approached in two manner and has been explained in

detailed version along with their respective computational time.

3.4.1 Method 1

The set of differential equation is solved numerically by implementing a numerical dif-
ferentiator module using NDSolve in Mathematica. The flow chart in Fig. [3.2] describes

the procedure.

20



Calculate M, C, G matrices
analytically and input the
geometric, mass and inertia
parameters

A 4

Define initial conditions of

gand g att=0

Construct the differential equation at time t = t;

MGg+Cq+6G—J3,A=0

}

Integrate using command NDSolve in

Mathematica to evaluate q and q

v

Update the M, C, G matrices after

1th

evaluating q and q for i + instant

Figure 3.2: Flow chart for method 1.
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The simulation was conducted for t = 0 to 2 seconds for a maximum of 10000 steps

and the CPU run time taken to compute the solution was 7.71 minutes approximately.

3.4.2 Method 2

The set of differential equations is evaluated by implementing a numerical integrator mod-
ule and solving the set of equations using Runge-Kutta fourth order method .The flow
chart in Fig. [3.3] describes the procedure. The simulation is performed for t = 0 to 2 sec-
onds for step size of h = 0.001. An error of the order 10~° is observed compared to the
solution obtained from method 1. Moreover, in terms of computation time taken to solve
the system of differential equation, method 2 is more efficient compared to method 1. The
CPU run time taken to compute the solution was 3.27 minutes. Computational efficiency

of 57% is achieved in case of method 2.

In the Section 3.5 results obtained from method 2 have been presented along with the veri-
fications that will validate the formulation of the MPS suspension system in configuration

space.
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Calculate M, C, G matrices
analytically and input the
geometric, mass and inertia
parameters

A 4

Define initial conditions of

gand g att=0

Construct the differential equation at time t = t;

MGg+Cq+6G—J3,A=0

}

Integrate using Runge-Kutta fourth order method

to evaluate q and q

v

Update the M, C, G matrices after

1th

evaluating q and q for i + instant

Figure 3.3: Flow chart for method 2.
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3.5 Results of configuration space

3.5.1 Results when only spring is considered

s(in metres)

0.08 -
0.07
0.06 -

0.05y

Time (second)
Figure 3.4: Variation of steering/rack input s with time.

y(metres)

0.04

0.02
—0.02 | ’ ' '
—0.04

Figure 3.5: Variation of road profile input y with time.

Time (second)

[l

15%107
1.x107% -

5.x1077

: : : Time (second)
0.5 1.0 1.5

Figure 3.6: Variation of ||n|| with time.
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2.5x107% |
2.x1070f
1.5x1076 |
1.x107¢
5.x1077

i : : — — : Time (second)
0.5 1.0 1.5 2.0

Figure 3.7: Variation of ||J,,q/|| with time.

oH(%)

‘ ~ " Time (second)
0.5 1.0 LS 2.0

—-0.00005
—-0.00010
—0.00015 -
—0.00020 -

—0.00025 -

Figure 3.8: Percentage error in the conservation of total energy 0H (%) with time.

3.5.2 Results when spring and damper both are considered

s(metres)
0.05 \

———t—————— Time (second)
0.5 1.0 L5 2.0

~0.05'

—-0.10

Figure 3.9: Variation of steering/rack input s with time.
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y(metres )
0.05¢y

0.04
0.03
0.02 -

0.01

0.5 1.0 1.5

Time (second)
Figure 3.10: Variation of road profile input y with time.
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35%x1077
3.x1077
25x1077
2.x1077 -
1.5%x1077
1.x1077
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s Time (second)
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Figure 3.11: Variation of ||n|| with time.
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Figure 3.12: Variation of ||J,,,q|| with time.
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3.6 Dynamic formulation in actuator space

The general equation of motion for rigid multi-body systems in actuator space can be

written as:
Mgé+C@9+G0 = Ty, (312)

Here, 0 represents the vector of active variables. The significance of the terms My, Cy
and Gy and their physical interpretation has been explained in the Chapter 2. The vari-
ables Oz[s,y]T define the actuator space of the MacPherson strut suspension system,
and are also termed as active variables. The variables which are dependent on active pa-
rameters are termed as inactive variables, ¢p=|[0, ls, c1, 2, ¢3, 2, 2, 5, W]T. Therefore, in
MPS suspension system, there are 2 active variables and 9 inactive variables. Using the
approach described in Chapter 2, one can get the actuator space from full configuration
space. The advantage of actuator space is that the number of differential equations to solve
the equation of motion of the system is reduced. For example, in MacPherson suspension
system, the set of differential equation is reduced from 11 to 2 in actuator space, i.e., the
system is reduced to a 2 x 2 system. The My, Cy and Gy matrices are quite complex in
nature compared to M, C and G. Since, My, Cy and Gy will be dependent on inactive

variables, therefore the forward kinematics has to be solved at every time step to solve the

system of differential equations.
As mentioned previously, the formulation of the dynamics has been done in two parts:

1. Effect of spring has been included in the formulation of the dynamics.

2. Combined effect of spring and damper has been included in the formulation of the
dynamics.

3.7 Method to solve equation of motion in actuator space

The MacPherson system is reduced to a set of two simultaneous differential equations
which is of the form as shown in Eq. (2.18). The set of two differential equations has to
be solved in to understand the dynamics and behaviour of the system when applied with

steering/rack input s and the road profile input y. It is computationally very expensive
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and very difficult to solve the differential equations analytically. Therefore, a numerical
approach to solving differential equations has been implemented. The problem to solv-
ing differential equation has been approached in two manner and has been explained in

detailed version along with their respective computational time.

3.7.1 Method 1

The set of differential equation is solved numerically by implementing a numerical in-
tegrator module using NDSolve in Mathematica. The flow chart in Fig. 3.13] describes
the procedure. The simulation was conducted for t = 0 to t = 0.1 seconds with maxi-
mum number of steps 100 for the time interval. The computational time taken i.e. CPU
run time to obtain the solution was approximately 16.04 hours, which is computation-
ally quite expensive. In this approach, the functions f; (c1,ce,c3) = 0, f2(c1,c2,c3) =
0, f3 (c1, c2, c3) = 0 were evaluated using Solve command in Mathematica, which takes
approximately 5.6 minutes for evaluation every time-step. Moreover, upon observation it
was found that NDSolve command in Mathematica takes multiple steps to converge to a

solution for a single time-step leading to higher computational time.

3.7.2 Method 2

The set of differential equations is evaluated by implementing a numerical integrator mod-
ule and solving the set of equations using Runge-Kutta fourth order method. The flow
chart in Fig. describes the procedure. The simulation is performed for t = 0 to 2
seconds for step size of h = 0.001. An error of the order 10~° is observed compared
to the solution obtained from configuration space. The CPU run time taken to compute
the solution was 2.16 seconds to compute the solution. In this approach, the functions
fi(c1,co,c3) =0, fa(eq,e2,c3) =0, f3(eq, 9, c3) = 0 were evaluated numerically using

Runge-Kutta fourth order method at every time step.

In the next Section 3.8, results obtained from method 2 have been presented along with the
verifications that will validate the formulation of the MPS suspension system in actuator

space.
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Calculate My, Cy, Gg matrices analytically and
input the geometrical, mass and inertial

properties

v

Construct the differential equation

My8 + C40 + Gy = 0 where, 8 = [s,y]”

Input s,y and solve f;(cy, ¢z, ¢3,5,¥) =0, f5(c1,¢5,¢3,5,Y) =

0, f3(cq1,¢45,¢3,5,y) = 0 for s and y obtained at every time step

A\ 4

Compute ¢ using forward kinematics and
(i) =J o 0 using first order kinematics

\ 4

Update My, Cg, Gg in

My + Cy0 + G, = 0 where, 8 = [s,y]”

v

Calculate @ and @ for i+1™ instant

Figure 3.13: Flowchart for method 1.
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Calculate Mg, Cy, G matrices analytically and

input the geometrical, mass and inertial properties

|

Forming the vector function
f =1filci,c2,¢3,8,9), (1, €2, €3, 8, ¥), fs (€1, €20 3,8, V)]

Taking derivative of f w.r.t ¢ = [cq, ¢, ¢3]7 and 6 = [s,y]"

to formJs.¢ + J;90 = 0,i.e, ¢ =J 60, ]9 = _]fc_llfe

l

¢ =]c99

\4

Use Runge Kutta fourth order
method to evaluate ¢4, ¢,, €3 at i+

lth

instant

{

Calculate ¢ using forward kinematics and

& =J o0

\4

Update My, Cy, G matrices in the
equation Mg + Cy0 + Gy = 0
where, 8 = [s,y]”

y

Calculate s,y, s, y for i+1™ instant using
Runge-Kutta fourth order method

1th

Figure 3.14: Flowchart for method 2.
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3.8 Results of actuator space

3.8.1 Results when only spring is considered

s(in metres)

0.08 -
0.07
0.06 -

0.05y

Time (second)
Figure 3.15: Variation of steering/rack input s with time.

y(metres)

0.04

0.02
—0.02 | ' ' '
—0.04

Figure 3.16: Variation of road profile input y with time.
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Figure 3.17: Variation of ||n|| with time.
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Figure 3.18: Variation of ||J,,,q|| with time.
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Figure 3.19: Percentage error in the conservation of total energy ¢H(%) with time.

3.8.2 Results when spring and damper both are considered

s(metres)
0.05 \

———t—————— Time (second)
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~0.05'
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Figure 3.20: Variation of steering/rack input s with time.

32



y(metres )
0.05¢y

0.04
0.03
0.02 -

0.01

0.5 1.0 1.5

Time (second)
Figure 3.21: Variation of road profile input y with time.
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Figure 3.22: Variation of ||n|| with time.
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Figure 3.23: Variation of ||J,,,q|| with time.
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CHAPTER 4

DYNAMIC FORMULATION OF DOUBLE WISHBONE
SUSPENSION

Spatial kinematic model of double wishbone suspension as presented in a work by Madhu
Kodati (see [1]) is used in the formulation of the equation of dynamics. Details of the
kinematic model has been included in the first part of this chapter for the sake of com-
pleteness. Later, the formulation for the dynamics of the double wishbone suspension

system has been presented with validations to check the correctness of the formulation.

4.1 Kinematic model

A comprehensive spatial kinematic model of double wishbone has been presented in this

section.

Pr

Ps

y(t)

Zy

Figure 4.1: Kinematic model of double wishbone mechanism (taken from [1]).



The schematic model of DWB suspension is as shown in Fig. 4.1. Kinematically, it is
a combination of spatial four-bar mechanism o;p, 0.0, with the chassis as the ground
link, king-pin as the coupler and a spatial five-bar mechanism o,p,p,p;0:. These two

mechanism are coupled at the king-pin.

Three co-ordinate systems are used to define the system. The global frame of reference
{0} is attached to oy, and its Zj-axis is aligned to the axis of the hinges of the lower A-
arm. Link-1 moves in the XY plane. Two body- fixed frames of reference, namely {1}
and {2}, are attached to the point o, and p, respectively. The Z;-axis of {1} is aligned to
the axis of the hinges of upper-A arm and link-3 is confined in the X;Y7 plane. The link-2

lies in the plane X,Y5 and X, axis lies along the vector (p, — p,).

The rotation matrix SR relating the orientation of frame {3} to {0} has been parameterized

in terms of XY Z Euler angles, (1, Pa, B3)( see [3]).

3R = Rx(51)Ry (B2)Rz(5s). 4.1)

The rotation matrix YR relating the orientation of frame {2} to {0} has been parameterized

in terms of XY Z Fuler angles, (o, as,as).

‘R = Rx(a1)Ry (a2)Rz(a3). (4.2)

Simlarily, the rotation matrix SR relating the orientation of frame {2} to {0} has been

parameterized in terms of Rodrigue’s parameters, c=|c;, ¢, 03]T € R 3 (see [3]).

In order to formulate the dynamics of double wishbone suspension system, we need to in-
corporate the effect of suspension spring and damper. The suspension spring is connected
to the chassis by a spherical joint and to the lower-A arm by a revolute joint as shown in
Fig. 1.1. The spring leg is placed on the lower-A arm at a distance [, from o, along the

link 1. The joint between p; and o; is a translational joint.

The rotation matrix R relating the orientation of {4} to {0}, i.e, the orientaion of spring

leg w.r.t. global reference of frame {0}. The spring leg is attached in such a way that it
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makes 0, with X -axis and d, with the Z- axis of reference frame {0}.

YR=Ry (8)Rz(7). (4.3)

On top of the spring leg, suspension spring and damper are mounted and attached to the
fixed chassis at o3 by spherical joint.
4.1.1 Formulation of the loop - closure equations

The loop closure equation as obtained in Eq. (A.31) can be represented as:

py—ps— R[l5,0,0]"=0. (4.4)

where,

YR=Ry (3)Rz(7). (4.5)

[ and ~ are the Euler-angle of the tie-rod about the Y-axis and Z-axis of the global

reference frame {0}.

The Eq. (4.4) can be written as:

Ny = [774507 N4y, 774Z]T7 (46)

r(14ct—c3—c3)ly
1+ 4+
(1 + C% — Cg — C%) l4$ (20102 — 203) l4y 2 (CQ + 0103) l4z

— Dse, (47
1+E+ G+ 1+E+3+3  1+d+3+8 D “.7)

Niz = — SCOS P cos B3 + licos O + — l5cos B cos y

2r (c1ea 4+ ¢3) 1y
I+&+a3+c
2+ )l (1—A+E—33)ly  2(c1 — cacs) lus

D) B) B) ) B > 2 p) 5 — Dy, (4.8)
1+Cl+02+63 1+Cl+62+63 1+01+C2+CS

— [58in vy

Nay = —5 (cos P sin By sin By + cosfysin B ) + [1sin 6 +
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2r (—CQ + 0163) lg .
[

1+E+E+c +1scos 7y sin f

2 (—CQ —+ 0103> l4x 2 (Cl + CQC3) l4y (1 — C% — C% —+ Cg) l4z

1+d+3+d 1+d+aE+4 L+cf+c5+c3

Ny, = —S (—cos Py cos P sin [y + sin f sin f3) +

— D5z, (49)

The loop-closure equation obtained from the loop 0,p,030; can be expressed as:
o1 +R. (0)[11,0,0]" +%R[ls,0,0]" — 03 =0. (4.10)

The expression on the left hand side of Eq. (4.10) can be written in the form

N5 = [50: M5y 7152 (4.11)
Nse = lgC0809 + [scost — 03, (4.12)
N5y = lgcosdisindy + 5sinf — og,), (4.13)
75, = lgsind;sinds — o03,. 4.14)

Therefore, the constraint set of equations used in the formulation of dynamics can be

expressed as: 1 = [771:67 My Mz M3ay N3y» 1325 Nax, Nay, N4z, M5, sy, Usz]T-

The constraint equations 71, 11y, 712, 73z, 113y, 13- are presented in detail in Section A.2

(taken from [1]).

37



Table 4.1: Geometric and mass values (taken from [4], with minor modifications).

Parameter Symbol Value
Length of lower-A arm [ 0.420
Length of tie rod l5 0.519
Length of upper-A arm l3 0.260
Length of the knuckle Iy 0.163
Link-4vector w.r.t.{2} (L, lay, 1) (0,0.103,0)
Position of origin of {0} 0 (0,0,0)
Position of origin of {1} 0 (0.130,0.160,0)
Position of strut mounting 03 (0.136,0.497,0.011)

Initial position of p;

(p5x7 p5y7 pSZ)

(0.010,0.020,-0.4)

Initial position of pg

(pSJ:vaya pSZ)

(0.480,-0.050,0)

Euler angles relating{3} to {0}

(517 62) BS)

(355 180> 755 )

Euler angles relating{1} to {0}

(ala a2, 013)

(2, =z 3r)

180 180 180
Link-6 vector w.r.t.{2} (L6, Loy, ls2) | (-0.209,0.007-,0.030)
|lp,—ps|| as a fraction of I, r 0.473
|lp,—pg|| as a fraction of I, p 0.312

Length of the spring leg l7 0.15

Mass of the lower and upper-A arm my 1 kg

Mass of the tie rod my 1 kg

Mass of the ( knuckle+ steering link) mo 8 kg
Equivalent mass of the (damper + spring) ms 4 kg
Un-stretched length of the suspension spring lo 0.4815

Mass of the tyre ms 22 kg

Mass of the spring leg me 2 kg

Table 4.2: Characteristics of suspension spring and damper (taken from [4]).

Stiffness (k)

5.11 E+04 N/m

Damping coefficient (c;)

1.44 E+04 Ns/m
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Table 4.3: Mass and inertia parameters (taken from [4]).

Body Description Mass(in kg) | Inertia (kgm?)(Zy, 1y, I.2)
Lower and upper arm 1.0 0.028,0.02,0.03
Steering knuckle 8.0 1.6,1.6,1.6

Tie rod 1.0 0.1,0.1,0.1

Wheel 22.0 2.0,1.35,2.0

Table 4.4: Characteristics of the wheel (taken from [4]).

Radius (R) 0.35m
Stiffness (k) 3 E+05 N/m

Damping coefficient ((¢;) | 0.1 E+04 Ns/m

4.2 Dynamic formulation in configuration space

The general equation of motion for rigid multi-body systems can be written as :

M(q)g+C(q,q) + G(q) = T.

where, g represents the vector of configuration space variables. The significance of the
terms M, C and G and their physical interpretation has been explained in the Chapter 2.
The variables g=[0, ¢, c¢1, 2, ¢3, s, 2,9, 2, 5,7, 01, (52]T, define the full configuration space
of the MacPherson strut suspension system. In our model, we have assumed our chassis
to be fixed i.e. grounded. The wheel is analytically modelled as linear translational spring
with damping characteristics. However, for exact modeling of the tyre, a complete non-
linear model may be used which is not considered in this study because we are concerning
only with the analysis of the suspension system. The suspension spring and damper has
been included in the formulation of the dynamics in order to make the formulation more

realistic and robust.
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The steering knuckle is of constant length /5 as given in Table 4.1. The link 4, which
is the steering link, is attached to the knuckle rigidly as shown in Fig. 4.1. As given
in Table 4.1, ms is the total mass of steering link and knuckle. Therefore, in order to
distribute mass individually to steering and knuckle for analysis, it is assumed that mass

is directly proportional to length.

ly
ms =m
“ly + 1y

where, m is the mass of the steering link.

mp = m l4y
F 21y + Ly,

where, m,, is the mass of the knuckle.

The formulation of the dynamics has been done in two parts:

1. Effect of spring has been included in the formulation of the dynamics.

2. Combined effect of spring and damper has been included in the formulation of the
dynamics.

Addition of spring and damper will affect the G term of the formulation. Due to the
addition of damper, a term %c:i:Q is added to the potential energy of the system. Basically,
it is used to absorb the oscillation produced due to the road input y and the steering
input s. As, it has been previously mentioned that in order to check the correctness of the
formulation, energy check, zeroth order check and first order check has to be satisfied as
described in the Section 2.4. Hence the formulation has been divided into two parts and

results have been reported for each of the case accordingly.

The M and C' matrices can be computed for double wishbone suspension by referring to

the method as described in Section 2.3.1.
The G matrix

The G' matrix of the MPS suspension system can be calculated from the total potential

energy of the system, V, which can written as:



Potential energy of the system including the effect of spring has been mentioned below:

1
Vi :§gl1mlsin6’, (4.15)
1 1 . 47"(6102 + Cg)lQ 2(0162 + 03)l4x
Vo= —(2lysinf
2 mk+msgm2(2( 15 Jr1+c§+c§—i—c§ 1+ +a3+c

(L=t +c—cly  2(c1 —cacy)lu
l+d+c+c l+d+c3+c

)M

1
+ §mk(l2(COS@Z)(cosagsinalsinag + cosaysinag)
+ siny(cosay cosag — sinagsinagsinag)) + l1sing + oqy)), (4.16)
1
Vs :gm3(§lg(cosw(cosagsinalsina2 + cosaysinag) + siniy(cosaycosas

— sinogsinagsinag)) + 09y, 4.17)
2r(ciey + ¢3)ly
l+d+a3+a
2(0162 + 03)l4x (]. - C% + Cg - C%)l4y 2(01 — CQC3)Z4Z

2 2 2 2 2 > 2 2 2 +p5y): (4.18)
1+4c¢f +c5+4c3 1+4c¢f +c5+4c3 14c¢f +c5+c3

1
Vi :§gm4(s(cosﬁgsinﬁlsinﬁg + cosfisinfs) + [ysinf +

1 ms . 2
Vs =5ki(y — gk %) + gms(R+y + psy), (4.19)
t
1
Ve :gmg(icosélsinég(lg — lg) + lgcosdisindy + 1ssinf), (4.20)
1 1
Vi :ék}s(—lg +lo+ 1)+ gm3(§l90035131n52 + lssin6). 4.21)

Due to the combined effect of spring and damper, there will be change in the V5 and V5.
Addition of the term ic,i2 and Lc;y? on the right hand side of V% and Vi will include the

effect of damper characteristics in the system respectively.

The Table .5 shows the size of M, C' and G matrices in analytical form along with their

dimensions.

Table 4.5: Size of M, C and G' matrices along with their dimensions.

Matrix Dimension Size (in K B)
M 14 x 14 1160

C 14 x 14 8214

G 14 x1 49
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4.3 Assumption

1) The suspension system is freely falling under gravity, i.e. no external force or torque

acting on the mechanical system,7 = 0.

2) The free- fall simulation of the DWB system has been conducted for a period of 2

seconds i.e. from t = 0 to 2 seconds.

3) In order to solve any differential equations, one require a set of initial conditions. For
further analysis, the initial values of s and y have been assumed to be 0.05 m and 0.05 m
respectively. Since, solving the dynamics problem in configuration space require the ini-
tial values of passive variables as well , therefore, their initial values will be calculated on
the basis of assumed initial values of s and y as stated above using the forward kinematics

as mentioned in the Chapter 2.

The initial set of conditions to solve the equation of motion in configuration space, i.e., g
=[0.348,0.515, —1.66, —2.21, 1.34, 0.050, —0.011, 0.050, 0.008, —0.710, 0.421, 0.422
,0.030,1.97]" and ¢ = 0.

4.4 Method to solve the equation of motion in configura-

tion space

The double wishbone suspension system is reduced to a set of 14 simultaneous differ-
ential equations which is of the form as shown in Eq. (2.2). The set of 14 differential
equations has to be solved in to understand the dynamics and behaviour of the system
when applied with steering/rack input s and the road profile input y. It is computationally
very expensive and very difficult to solve the differential equations analytically. There-
fore, a numerical approach to solving differential equations has been implemented. The
problem to solving differential equation has been approached in two manner and has been

explained in detailed version along with their respective computational time.
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4.4.1 Method 1

The set of differential equation is solved numerically by implementing a numerical dif-
ferentiator module using NDSolve in Mathematica. The flow chart in Fig. (3.2) describes

the procedure.

The simulation was conducted for t = 0 to 2 seconds for a maximum of 10000 steps and

the CPU run time taken to compute the solution was 11.63 minutes approximately.

4.4.2 Method 2

The set of differential equations is evaluated by implementing a numerical integrator mod-
ule and solving the set of equations using Runge-Kutta fourth order method. The flow
chart in Fig. (3.3) describes the procedure. The simulation is performed for t = 0 to 2
seconds for step size of h = 0.001. An error of the order 10° is observed compared to the
solution obtained from method 1. Moreover, in terms of computation time taken to solve
the system of differential equation, method 2 is more efficient compared to method 1. The
CPU run time taken to compute the solution was 6.28 minutes. Computational efficiency

of 46% is achieved in case of method 2.

In the Section 4.5, results obtained from method 2 have been presented along with the
verifications that will validate the formulation of the DWB suspension system in configu-

ration space.
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4.5 Results of configuration space

4.5.1 Results when only spring is considered

s(metres )
0.050

0.048 -
0.046 -
0.044 -

0.042 -

~ Time (second)
2.0
Figure 4.2: Variation of steering/rack input s with time.

y(metres )

0.04 -

0.02

: : : — Time (second)
0.5 1.0 1.5 2.0
-0.02 -

—0.04 ¢

Figure 4.3: Variation of road profile input y with time.
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Figure 4.4: Variation of ||n|| with time.
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Figure 4.5: Variation of ||J,,,q|| with time.

OH (%)
0.00010

0.00005

Time (second)

2.0
-0.00005 ¢

-0.00010 |

-0.00015

Figure 4.6: Percentage error in the conservation of total energy 0H (%) with time.

4.5.2 Results when spring and damper both are considered

s(metres )
0.050

0.049 ’
0.048
0.047
0.046 ’
“““ e 20 Time (second)

0.5 1.0 1.5

Figure 4.7: Variation of steering/rack input s with time.
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Figure 4.8: Variation of road profile input y with time.
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Figure 4.9: Variation of ||n|| with time.
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Figure 4.10: Variation of ||J,,,q|| with time.

4.6 Dynamic formulation in actuator space

The general equation of motion for rigid multi-body systems in actuator space can be

written as:

Mgé + C@O + Gg = T,
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Here, 0 represents the vector of active variables. The significance of the terms My, Cy
and G and their physical interpretation has been explained in the Chapter 2. The vari-
ables O=|s, y]T define the actuator space of the double wishbone suspension system, and
are also termed as active variables. The variables which are dependent on @ are termed as
inactive variables, ¢p=I[0,v,ls, c1, ca, c3, 2, 2, 5,7, 1, (52}T. Therefore, in DWB suspen-
sion system, there are 2 active variables and 12 inactive variables. Using the approach
described in Chapter 2, one can get the actuator space from full configuration space. The
advantage of actuator space is that the number of differential equations to solve the equa-
tion of motion of the system is reduced. For example, in DWB suspension system, the
set of differential equation is reduced from 14 to 2 in actuator space, i.e., the system is
reduced to a 2 x 2 system. The My, Cy and G matrices are quite complex in nature
compared to M, C and G. Since, My, Cy and G¢ will be dependent on inactive vari-

ables, therefore the forward kinematics has to be solved at every time step to solve the

system of differential equations.
As mentioned previously, the formulation of the dynamics has been done in two parts:

1. Effect of spring has been included in the formulation of the dynamics.

2. Combined effect of spring and damper has been included in the formulation of the
dynamics.

4.7 Method to solve equation of motion in actuator space

The double wishbone suspension system is reduced to a set of 2 simultaneous differential
equations which is of the form as shown in Eq. (2.18). The set of 2 differential equa-
tions has to be solved in to understand the dynamics and behaviour of the system when
applied with steering/rack input s and the road profile input y. It is computationally very
expensive and very difficult to solve the differential equations analytically. Therefore, a
numerical approach to solving differential equations has been implemented. The prob-
lem to solving differential equation has been approached in two manner and has been

explained in detailed version along with their respective computational time.
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4.7.1 Method 1

The set of differential equation is solved numerically by implementing a numerical inte-
grator module using NDSolve in Mathematica. The flow chart in Fig. (3.13) describes
the procedure. The simulation was conducted for t = 0 to t = 0.1 seconds with maxi-
mum number of steps 100 for the time interval. The computational time taken, i.e., CPU
run time to obtain the solution was approximately 18.16 hours, which is computation-
ally quite expensive. In this approach, the functions f; (c1,ce,c3) = 0, f2(c1,c2,c3) =
0, f3 (c1, c2, c3) = 0, were evaluated using Solve command in Mathematica, which takes
approximately 8.84 minutes for evaluation every time-step. Moreover, upon observation
it was found that NDSolve command in Mathematica takes multiple steps to converge to

a solution for a single time-step leading to higher computational time.

4.7.2 Method 2

The set of differential equations is evaluated by implementing a numerical integrator mod-
ule and solving the set of equations using Runge-Kutta fourth order method. The flow
chart in Fig. (3.14) describes the procedure. The simulation is performed for t = O to
2 seconds for step size of h = 0.001. An error of the order 10~° is observed compared
to the solution obtained from configuration space. The CPU run time taken to compute
the solution was 2.38 seconds to compute the solution. In this approach, the functions
fi(ci,co,c3) = 0, foler,ca,¢c3) = 0, f3(eq,¢9,¢3) = 0, were evaluated numerically

using Runge-Kutta fourth order method at every time step.

In the Section 4.7, results obtained from method 2 have been presented along with the
verifications that will validate the formulation of the DWB suspension system in configu-

ration space.
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4.8 Results of actuator space

4.8.1 Results when only spring is considered

s(metres )
0.050
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Figure 4.11: Variation of steering/rack input s with time.
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Figure 4.12: Variation of road profile input y with time.
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Figure 4.13: Variation of ||n|| with time.
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Figure 4.14: Variation of ||J,,q|| with time.
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Figure 4.15: Percentage error in the conservation of total energy 0H(%) with time.

4.8.2 Results when spring and damper both are considered
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Figure 4.16: Variation of steering/rack input s with time.
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Figure 4.17: Variation of road profile input y with time.

[l

1.2 x10°¢

1.x1070}
.x1077
x 1077
.x1077 |
x 1077}

N A N ®

: : : Time (second)
0.5 1.0 1.5 0

Figure 4.18: Variation of ||n|| with time.
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Figure 4.19: Variation of ||J,,,q|| with time.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

5.1 Overview

In this report, Lagrangian approach to formulate the dynamics of MPS and DWB is pre-
sented. Two different formulation has been proposed, one in configuration space and
other in actuator space. Dynamics of MPS and DWB have been formulated using point
formulation in various papers (see [4] and [5]). The advantage of Lagrangian approach
over point formulation has been reported in the Table with reference to the computa-
tional time taken to solve the system of dynamics equation of motion. Further, different
methods to solve the system of equation of motion were proposed with their algorithm de-
scribed in flowcharts. Below Table[5.1]and Table[5.2]describes the computational time of
MPS and DWB suspension for actuator space and configuration space formulation while

comparing with the dynamic model as proposed in [4] and [5].

Table 5.1: Computational time taken for MPS suspension for step-size, h = 0.001.

Configuration Actuator space | Point-
space Formulation
(in [5])
C.P.U run time | 196.2 2.16 Not reported
(in seconds)
Dimension of | 11 x 11 2x2 Not reported
M matrix




Table 5.2: Computational time taken for DWB suspension for step-size, h = 0.001.

Configuration Actuator space | Point-
space Formulation
(in [4])
C.P.U run time | 376.2 2.34 5280
(in seconds)
Dimension of | 14 x 14 2x2 31 x 31
M matrix

5.2 Future work

This work does not include the effect of vehicle dynamics on the steering and suspensions.
And the simulations were performed for an arbitrary s and y, without including the effect
of driver controlled steering, which is required in case of maneuvers such as cornering,

braking etc.
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APPENDIX A

FORMULATION OF LOOP CLOSURE EQUATION

A.1 MacPherson strut suspension

There are two input to the suspension system, one being steering/rack input s acting at the

point p; and the other due to the road profile y acting at the point py.

The end- points of the link 2 can be expressed as:

p, =0, + Rz(0)[(1,0,0]", and (A.1)

-
03 =024, 09y, 02:] ', (A.2)
respectively. The vector I, can be expressed as:

l; =0y — py, or (A.3)
l, =5R[l»,0,0]". (A.4)

From the Eq. (A.1)-(A.4), one can write:
0y — 0, — Rz(0)[11,0,0]" —IR[l,,0,0]" = 0. (A.5)

Eq. (A.5) models the kinematics of the four-bar mechanism o,p,020;. The expression on
the left hand side of Eq. (A.5) is of the form:

M = My My, M) (A.6)



where 7, ., 71, and 7, , are given by:

Mz = — lo (C% — c% — c?,, + 1) — caly cos O + cp09y, (A7)
My = — 2la(c1c2 + ¢3) — caly sin @ + ca0z,, (A.8)
M = — 2ly(cic3 — ¢2) + €a022, (A9)
where, ca =1+ ¢} + ¢ + ¢ (A.10)

The end points of link-5 can be expressed as:

py =p; +9R[r,0,0]" +IR?l,, and (A.11)

Ds =[Psa + Suy D5y + 5y, D52 + 52, (A.12)

where r is distance between p; and py; %y 18 [l4z, sy, l1.] " (expressed in {2}) and

8 = [S4, 8y, 5] is the rack input vector in {0}, given by:

s =3R[5,0,0]", where

oR =Rx(B1) Ry (62) Rz (Bs)-
The vector [; can be expressed as:
ls =p;s —py

The loop-closure constraints of the five bar mechanism o;p; p,p;0; can be reduced to the

following equation:

M= (ps —py) - (P5 —Py) — Iz = 0. (A.13)

The expression on the left hand side of Eq. (A.13) is denoted by 7),. From the road input

to the lower A-arm loop, 0;p, psps01, one can write:

[p8z + x7p8y + Y, P8z + Z}T - gR2l6 - gR[P7 07 O}T - Rz<0)[l17 07 O]T — 01 = 07
(A.14)

where z, z are variables, which vary upon changing s and y; ?lg = [ls, loy, lﬁz]T is the

55



vector from ?pg to ?pg(expressed in {2}). The parameter p is the distance between p; and

pg. The expression on the left hand side of Eq. (A.T4) is of the form:

N3 = [N32s M3y, M32) - (A.15)

where 13, 13, and 73, are given by:

N3z = — lox (cf —ca—-c+ 1) — 2lgy(c100 — ¢3) — 2lp.(c103 + 2)

—p(ci —c3— 3+ 1) —calicosd + capss + cat, (A.16)
Nay = — 2lgz(crca + c3) — lgy (—c? + cg — c§ + 1) — 2lg.(cocs — 1)

— 2p(cic0 + ¢3) — caly sin @ + capsy + cay, (A.17)
3. = — 2leg(c1c3 — ¢2) — 2lgy(c1 + cacs) — lg. (—¢f — &+ + 1)

—2p(c1c3 — ¢9) + caps: + caz. (A.18)

Using the elimination procedure as proposed in the Fig.[A.1] three equations are evaluated
f1 (Cl, Co, C3) = 0, f2 (Cl, Co, Cg) = 0, f3 (Cl, Co, Cg) = 0. The function fz are quartic

in nature and are used to extract the values of c;, ¢, c3 that will satisfy the functions

obtained.
nlz(ZQ) =0

ly

’ Miz(la,cos0) =0 ‘ ‘n]y(lg,siné)) =0 ‘

| cosf sin 6
cosf,sin 6
‘ sin?f + cos?20—1=0 ‘ ‘ N2(cosf,sinf) =0 ‘ N3y (sind) = 0
v J
‘ filer,ca,03) =0 ‘ ’fQ(Cl,CQ,Cg) =0 ‘ ‘ fa(er,c0,¢3) =0 ‘

Figure A.1: Sequence of elimination of cos#, sinf and [, (taken from [1]).
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A.2 Double wishbone suspension

There are two input to the suspension system, one being steering/rack input s acting at the

point p5 and the other due to the road profile y acting at the point ps.

The end points of link-2 can be expressed as:

p, =01 + Ry, (0)[11,0,0]", and (A.19)

Py =0y + YRRy (1)[13,0,0]", (A.20)
respectively. The vector I, can be expressed as:

l, =p, —py, or (A.21)
l, =SR[l,,0,0]". (A.22)

From the Eqgs. (A.19-A.22), one can write:
0y — 01 + YRRy (¥)[l3,0,0]" — Ry, (0)[11,0,0]" —SR[l5,0,0]" =0.  (A.23)

Eq. (A.23)) models the kinematics of the four-bar loop 0, p,p,0,0:. The LHS of Eq. (A.23)

is written compactly as:

nm = [771957 nlyunlz]T7 (A24)
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where 7, ., 71, and 7, , are given by:

Me = — lo (c? — cg — cg + 1) — caly cos 0 + cals cos as(cos ag cos Y — sin ag sin @)
+ cA02, (A.25)
My = — 2la(c1c2 + ¢3) + calz(cos P (sin aq sin oy cos az + cos aq sin )

+ sin ¢ (cos oy cos az — sin oy sin ag sin o)) — caly sin @ + ca09,

(A.26)
M. = — 2la(c1e3 — ¢2) + calz(cos P (sin oy sin aig — cos v sin @ €os arg)
+ sin ¢(cos ay sin g sin a3 + sin o cos az)) + cA025, (A.27)
where, ca =1+ ¢} + 5 + c3. (A.28)
The end points of link-5 can be expressed as:
py =p, +R[rl>,0,0]" + SR, and (A.29)
D5 :[p5z + Sz, Psy + Sy, P52 + Sz]Ta (ASO)

where rls is distance between p, and ps; 2y = [l4s, sy, l1.] " (expressed in {2}), and

8 = 84, 8,,5.]" is the rack input vector in {0}, given by:

s =9R[5,0,0]", where

R =Rx(01)Ry(52)Rz(53:),

i.e., (B, Pa, B3) are XY Z Euler-angles relating the orientation of {3} w.r.t.{0}. The vec-

tor 5 can be expressed as:

ls =ps — s

The closure equations of the five-bar loop o,p,p,p;01 can be reduced to a single scalar

equation:

2= (Ps —P4) - (Ps —ps) — 15 =0. (A31)
The expression on the LHS of Eq. (A.31) is denoted by 7,. From the road input to the
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lower A-arm loop, 01p,pgPs01, One can write:

[pSCC + :Eap8y + Y, D8z + Z]T - (2)R2l6 - (Q)R[pZQa 07 O]T - RZO (9)[117 07 O]T — 01 = 07
(A.32)

where x, z are the horizontal components of displacement of pg w.r.t. {0} as a conse-

quence of s and y departing from their initial values; *lg = [ls, loy, ls.] = *Ps — “Pg-

The parameter p is the fraction of distance between p,; and pg of [ and is given by:

p = |ps — °p1||/l2- The expression on the LHS of Eq. (A.32) is of the form:

N3 = D32, M3ys 1) (A.33)

where 73, 13, and 73, are given by:

=—lp(ci——+1) =l (] — 3 — 3+ 1) — 2lgy(cr02 — ¢3)
— 2lg,(c1c3 + ) + e (=l cos O + pg, + ), (A.34)
Mgy = — 2lap(cica + ¢3) — 2lgz (102 + ¢3) — Loy ( G+ -+ 1)
— 2lg.(cacs — 1) +ca (—lisind + psy, + ), (A.35)
N3, = — 2lap(cics — o) — ez (cre3 — €2) — 21y (c1 + c2c3)
—lo. (—i — A+ G+ 1) +calps: + 2). (A.36)

Using the elimination procedure as proposed in the Fig. three equations are evaluated
fi(er,e,¢3) = 0, fa(cr,co,c3) = 0, f3(cq,c0,c3) = 0. The function f; are quartic
in nature and are used to extract the values of ¢y, co, c3 that will satisfy the functions

obtained.
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N3y(sind) = 0

sin 6

Ny (sin @, cos, sinp) = 0
M12(cos,sin)) =0

cos 1, sin

208 6
—%u(cose,cos ¥, sine) = 0&_>

sin®f + cos?—1=0

cosf,sinf

sin?¢ +cos?1p —1 =10 72(cosf,sinf) = 0
y J
’ f1(01702763) =0 ‘ ‘fé(Cl,CmCs) =0 ‘ ‘ f:s(Cl,Czyczs) =0 ‘

Figure A.2: Sequence of elimination of cos#, sinfl, cosy) and sint (taken from [1]).
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